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Goal Construction of lattice chiral gauge theories (LCGTs)

« Analyze the integrability condition of the chiral determinant of overlap
fermions

- Derive necessary and sufficient conditions to construct LCGTs (without
gauge anomalies)

Discussion Reformulate the modern theory of anomalies on the lattice

« Dai-Freed theorem <«+— 5-dim lattice DW fermions
« APS index theorem <«— 6-dim lattice DW fermions
— Bordism invariance of the lattice 5 invariant
« Triviality of the lattice n invariant = Integrability conditions
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Anomaly in continuum theory



Anomaly inflow

Anomaly inflow = Anomaly cancellation from the bulk
(e.g.) 4-dim chiral fermion + 5-dim Chern-Simons [Callan,Harvey(1985)]
Consider chiral fermion on 4-dim manifold X:

ZylA] = / [De][De)] exp [— / d*zipiot (8, +iA,) 1/;}
and gauge transformation:
Ay — A% =gAg + 90, (g71)
— Partition function transforms as
Zy [A%] = 99 Z,[A]

—Phase ambiguity depending gauge fields

... (perturbative) gauge anomaly
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Anomaly inflow

Chern-Simons action on 5-dim manifold Y:
Sos =k / ANFAF =k / ePIT A By
Y Y

Under (5-dim) gauge transformation A, — A, + 9, x:

) [k/ e”"pUTAHF,,pFM} = k/ xANFANF
Y Y

—> Gauge dependent at the boundary
Exactly match with the anomaly of 4-dim chiral fermion
= 4-dim chiral fermion + 5-dim CS theory = Anomaly free
( No phase ambiguity of partition function )
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n invariant and anomaly inflow

n invariant = perturbative + non-perturbative anomaly inflow
(Atiyah-Patodi-Singer) » invariant
Dirac operator on bulk Y : Dy d-dim (d +1)-dim

and eigenvalues {)\;}
Suppose APS boundary condition

nv) = (Z sign <Ak>>
k

reg

Dai-Freed theorem states... [Witten(2016)][Yonekura(2016)]
“Anomaly of d-dim theory + (d+1)-dim exp(—2min(Y)) =-anomaly cancellation”
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Anomaly cancelation condition

« d-dim Anomaly + (d+1)-dim exp(—2min(Y)) =anomaly cancellation
« The combination can be adopted as the partition function of d-dim
(anomalous) theory if it is trivial in the bulk

TP EhEh

partition function: '
[ 01/ Z[ = 0] =Z [E0 D)= epminve)

Anomaly cancellation condition:
“exp (2min (Y.)) = 1 for any (d+1)-dim closed mfd Y, whose cross-section is X"
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Bordism

Bordism invariance =—>calculate exp (27in (Y.)) for any closed mfd efficiently

Bordism invariance

» (d+1)-dim manifolds Y and Y’ are bordant (bordism equivalent) if there
exist a (d+2)-dim manifold Z such that 90Z = Y, U Y5

+ An amount «(Y) is bordism invariant if (Y1) = «(Y2) for bordant Y; and Y>
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Bordism invariance of 1 invariant

APS index theorem
Index (Dyz) = / Tivo(F,R) —n(Y)
z

7 : (d+2)-dim manifold such that9Z =Y
I o(R,F) = A(R) Ch(F)‘d , ( R: Riemann curvature, F : Field strength )
Jr

Under the perturbative anomaly cancellation
condition - Tr (T {T°,T°}) =0
(<= [, 1s42(F,R)=0),

exp (2min (Y1)) exp (—2min (Y2)) = exp(2miZ) =1

—exp (2min (Y,)) is bordism invariant .



Lattice fermions



Chiral symmetry on the lattice

« Nielsen-Ninomiya theorem
Chiral relation {v5, D} =0 =-Doubling problem

+ Ginsparg-Wilson(GW relation)
... “Redefinition” of chiral symmetry on the lattice

{v5,D} = 2aD~s;D

+ Exact symmetry on the lattice
Infinitesimal transformation:

Y =7v5(1—aD)yp , SYp=vys = 65=0
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Overlap Dirac operator

Overlap operator

1 1
Dow = I G
2a t
Xi X,
1
(Xo = aDy—mo , Dy= 7u§<v VT>+2VHVL)

 Gauge-invariant solution of GW relation
+ Exponentially local:
I Doy (2, )|l < Clz —y|7e 177412

under the admissibility condition

 Low energy effective action of Domain-wall fermion R



Admissibility condition

Admissibility condition
Restrict the configuration space of link fields to a subspace:

4 = {U@m} - Pu@Il < @ pv)}

2
( e < m y d = dimension )

« Locality of overlap fermion (DW fermion)

« Topological structure of link fields
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Weyl fermion on the lattice

« Ginsparg-Wilson relation {vs, D} = 2aD~sD

N

R 1 .
= 45 = v5(1 — 2aD) , Pi:§(1:|:75)

- Lattice Weyl fermion

Y_(a)=Pyp_(z) , P_(2)=9_(a)Ps

« Action

« Mode expansion
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« Path integral measure

Dy_|D[y_] = Hdcj HdEk
+ Partition function
7 ::‘/z)w,]p[i]gﬂ421w(@Dw(m

=S / H de; H déjef 25 G Mjici det Mji

... Chiral determinant of overlap Dirac operator
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Gauge anomaly of overlap Weyl fermion

. Z = det (vDv) = det Mj;
« Unitary transformation of basis

vi(x) = w(x) (Q_I)M , Cj= Z Qjicy
l
D [¢_] — D [1/1_] det Q@ , det Mji — det Mji det Q

— Phase ambiguity depending gauge fields
... Gauge anomaly on the lattice
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Construction of LCGTs



Domain-wall Fermion

+ (Kaplan's formulation)
5-dim Wilson fermion + “kink” mass term

S = Y P, )X 5 v(,t)
a3,

X8 = D® 4+mht) , (t=>5thaxis)

+ (Shamir’s formulation)

Domain-wall fermion in a finite space
5-dim DW fermion (Dirichlet b.c.)

S = ) P ) XPy(z,t)
aB5 +my - —-m, +my - ©
x® = D® —mg , mee(0,2)
t =—-N t=N 5th axis
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Domain-wall Fermion (Chiral set up)

5-dim DW fermion (Dirichlet b.c.) 5-dim DW fermion (AP b.c.)
(pos. mass) (neg. mass) (pos. mass) (neg. mass) (neg. mass)
¢ Ui e Uy (c2)”!
Uy Uy Uy
t=—-N t=N 5th axis t =—-N t=N t =3N 5th axis

» Dirichletb.c. ¥ (,8)le yyi1=0 , $-(@8)],__y i =0

° AP b'c‘ w*(l’?t)‘t:—N = wf(%t”t:SN ? if(x?t)‘t:_]\/‘ = fl;*(x’t)‘t:?,]\[
« Set up for chiral fermion (U, ~ reference gauge field)
U<x7tvu)’t=f]\7+1 - UO(%M) ) U(xatau)‘t:]\/ - Ul(muu’)
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5-dim DW fermions and anomaly inflow (Dai-Freed theorem)

Partition function of 5-dim DW fermions with Dirichlet b.c.
+ Chiral determinant of 4-dim Weyl fermions on the boundaries

5-dim DW fermion

(pos. mass) (neg. mass)

(pos. mass)

5-t|&is
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5-dim DW fermions and anomaly inflow (Dai-Freed theorem)

Use “master equation” for calculating the DW partition function and get:

5-dim DW fermions + 4-dim Weyl fermions

(5)]°
det X ) . 11 _T°
lim " Dllrl/Q = det (E-Dovvl) det (@DoV’UO) det (Ul_'_ HtEC tUO)
N—o0 det Xév‘r’) CAi: ‘det (U HtEE TtU )‘

=: exp (I' (X1 UXo)) exp (:2mnpr (Y|p;,))
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5-dim DW fermions and anomaly inflow (Dai-Freed theorem)

5-dim DW fermions -+ 4-dim Weyl fermions

det X CD. —
: ir — )
Jim — Nz = P (T (X1 UXp)) exp (2mmpF (Y]py))

det XV(VB)
AP

Boundary part : exp (T (X; UX))) ...effective action of overlap Weyl fermion
Bulk part : exp (i27npr (Y|5,,)) -..(c.f. “APS-5 invariant”)

They have same {v;} dependence and cancel them out

= Anomaly inflow based on Dai-Freed theorem
Anomaly <> bulk dependency exp (i27npr (Y|p;,))
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The lattice 1 invariant and integrability conditions

« Define the lattice n invariant with the phase of 5-dim overlap fermions
[Aoyama,YK(1999)] :

det DY det X

Dir/AP Dir/AP

eiQWn(YIDir/AP) o lim
N—o0

det Dgi)

Dir/AP Dir/AP

« Bulk dependence

9 cq =il
eZQTrnDF(YlDir) i27rn<Y\cAll:2 >
=€

oi2mnor (Y13, ) o

— Bulk independency  ¢2™0F (Ypix) — gi2mnor(Y°2|p;,)
“ei2m(Ylar) = 1 for arbitrary gauge configurations ”

(Integrability condition)
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6-dim DW fermions and APS index theorem

Partition function of 6-dim DW fermions with Dir. b.c.
+ Determinant of 5-dim overlap fermions on the boundaries

6-dim DW fermion

(pos. mass) (neg. mass) (pos. mass)
...... Uy
PO A K-
6,6\(6\0(\ 6‘6\(6\0‘\
Yo © Y
0 0 1 R
N\ 7 I N 6-th axis
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6-dim DW fermions and APS index theorem

6-dim DW fermions + 5-dim overlap fermions

Cc

det X(®

Dir

1/2

lim
N—oco Gl 1

)det x(©
AP

= det (’L_)DOVUI) det (ﬁDovvo)

+ det (M e, )
‘det(ulTI]tGEJ}UO)‘

In 6-dim case, we can chose basis {v;} as follows:

v ()

( x Ot X<5>) ()

> di(@)ei(y)!

V2
= (W)’ i)

= I4><45:v,y

1 x6G)___ 1
- VvX6)TX(5) ¢z($)
1
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6-dim DW fermions and APS index theorem

6-dim DW fermions + 5-dim overlap fermions

det X9 - c
lim D _ et p®| Ldetp®| | x 97 laps
oo (6)|°c” o Y1 Yo | det 7[5 ps
det X
1 1 e [ X7~
Tlips = = ( X7 1) T, XtX
|aps 2 \Vxix Y1!;£ t 1 .
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6-dim DW fermions and APS index theorem

6-dim DW fermions + 5-dim overlap fermions

det X, CD' (5)

]\;E)noo cc—1 1/2 = dt DOV
det X‘EVG)

AP

{ det D((;z’,)
Y1 Y

} * % det T| ZPS
@
0 |det T3 pg

Focus on the phase:

LHS. = (/@) | 1(2lpy) =~ { mO N E|
Dir

Boundary = exp (imn (Y[,p)) exp (—imn (Y]pp)) [Fukaya et al.(2020)]
N det T|CAPS
| det T13ps |

= APS index theorem I (Z|p;,) = P (Z|ypg) + 1 (Y1|ap) — 1 (Yo

Bulk = exp (inP (Z|4pg)) :

AP)
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Lattice topological field

» Definition of P:

oimP(Zlps) — 96t Tlaps
| det T3 pg |
« It can be expressed with a field ¢(%)(2):
¢ — g (6)
P(Zlyps) = A}gﬂm Z q(2)
y,s€c
, 1 H ,
(6) — _= w — (6)
q (Z) T tr{ } (Z,Z) ’ HW _fY7XW
2 VHS | 4p

« ¢ (2) is topological:

Z 5nq(6)(z) =0

y,s€c
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Cohomological problem

° P (Z|3ps) = Imy—o0 Zy,sEcl q9(2)

« (The cohomological problem) Assumption: ¢(® can be expressed with the
lattice Chern character and gauge invariant currents:

¢9(2) = e3(2) + O kul(2)

+ Under the perturbative anomaly cancellation condition ¢3(z) =0
(i.e. SpTrg [T {T° T°}] =0):

Z’APS Z k ‘Yl Z k ’Yo
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Bordism invariance of the lattice » invariant

 Redefine the lattice n invariant:

ap) =1 (Yrolap) + Z ks(y,9)lv, ,
)

77 (Y10

— 2min(Yilap) g—2mii( Yolap) — (_1)21(Z|gi,) -1

from APS index theorem:

I(Zlp,) = P<Z‘CAPS) + 1 (Y1|ap) =1 (Yolsp)

I(Z|Dir) = ﬁ(Yl‘AP) - ﬁ(YOIAP)
exp(mil (Z|py,))

)

) = exp(min (Yi|zp)) exp(=7ii} (Yo[sp))
1 = exp(27mil (Z|p,)

— exp(?ﬂ'i??(YﬂAp))eXp(_zﬂ'iﬁ(YOIAP))
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Bordism invariance of the lattice 7 invariant

e?ﬂ‘if](Yl‘Ap)e*Qﬂ'iﬁ(Yo‘AP) =1

eQWiﬁ(YO|AP) — 627”'77(Y1 lap)

c Ui ’
5-dim 5-dim
boundary boundary
Yo | T Y,
e AE— 6-th axis

— ¢21(Ylar) is “bordism” invariant
Able to evaluate ¢2™(Ylsr) in arbitrary gauge configurations 28/32



Looking back on our discussion

1. Problem
Solution

2. Problem
Solution

3. Problem
Solution

Gauge anomaly of 4-dim lattice chiral fermion
Anomaly inflow with 5-dim object exp (:27npr (Y|p,,))

5-dim dependency

exp(i2rnr (Y[&,))/ exp(i2mnpr (YIi,)) = exp(i2rn (Y] p))

= If exp(i27n (Y] ,p)) = 1 for any gauge configurations, it doesn’t
depend on the bulk! (Integrability condition)

Calculating exp(i27n (Y| ,,p)) for any gauge configurations
Redefining 7 - - - “bordism” invariant (<+~Cohomological problem)
= Only need to calculate it on representatives of “bordism”
equivalent class
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Summary: Construction of LCGTs

» We derived two conditions to construct LCGTs:

Condition-1 Triviality of ¢(°)(z) under the perturbative anomaly cancellation
condition

Condition-2 ¢2™(Ylar) = 1 for representative gauge configurations of
“bordism” equivalent class following the admissibility
condition on the 5-dim lattice space

« It is known that Condition-1 holds in U(1) and SU(2) x U(1)
[Lischer(1999)][YK,Nakayama(2001)]
—We further confirmed that Condition-2 also holds in those cases

« We gave a proof of Condition-1in generic non-Abelian gauge theories
[JWPYK(in prep)]
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Construction of SU(2) < U(1) chiral gauge theory



SU(2) x U(1) chiral gauge theory

« SU(2) x U(1) gauge theory satisfies the Condition-1
— Let’s check the Condition-2

« Consider a 5-dim lattice space ]L5(]L‘1£ x Lap)

+ Classification of SU(2) x U(1) Gauge DOF
[Narayanan,Neuberger(1995)][Liischer(1999)]

1. U(1) magnetic flux m,, ..Defined on L% among L}
2. U(1) Wilson line W, ... Defined on L} and wraps along Lp direction
3. SU(2) Instanton o ... Defined on either L} or L x Lap
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Result: SU(2) x U(1) chiral gauge theory

u(1) u(1) SU(2)
mag. flux | winding | instanton || determinant
0 0 L3 1=14
0 0 L3 xLip || 1=(-1)*
1 0 0 1
1 1 0 = 1l
1 0 L3 1
1 0 I S g 1
1 1 Li
1 1 L x Li; =1

— Condition-2 confirmed!

comments

+ Calculated original n (Y10|,p),
instead of 1 (Y1,0/4p)

« “=1"means 1+ 0(107?)

« Calculated with only two

configurations for the magnetic
flux

« SM charge = perturbative
anomaly cancellation
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Thank you!



Proof of Condition-1

Setup: 6-dim, ¢3 =0, q(z)= 0;ku(x)

« Taking complete axial gauge, we define link variables with a product of
some independent plaquette variables (from a reference point z)

P (x,,u,y;x(o)) ~ H ﬁ U(y,T)

T Y=o

- Introduce a parameter s:

B (2nria®) ~ [T T 07+ ale) = @i,

T Y=To



Proof of Condition-1

« Taylor expansion of ¢ (z):

« We can rewrite q(()j)(x) with gauge-invariant currents form lower degree

— We can show the triviality of the original field ¢(x) with those currents

Details will be discussed in our paper in prep.



APS boundary condition

~.

P——
p T
N

-~ ~

-

,
~
S

,

« Deforma (d+1)-dimmfd: Y st. Y =X — Y’'st.0Y' =10
« APS boundary condition of Y’

:= “Square integrability of y on Y’ ”
= Following condition on Y’

Yilx €H-, Y-_|x € Hy
1+ : Fields with chirality 41
H- : Subspace of fields with positive (negative) eigenvalues
[ > back ]



5-dim DW fermions and Dai-Freed theorem

Formula for calculation of 5-dim Domain-wall partition function [YK(2002)]

=1l
O] i— )2 _
det X{7| = det <P+P+HTt> , det XP)| 7 =det | 1+ II =
teey tec1éy !
1—a5Ht/2
T e i
1—|—a5Ht/2
1
H = —yXx®

1+ asxP /2



6-dim DW fermions and APS index theorem

Formula for calculation of 5-dim Domain-wall partition function [YK(2002)]

c1 c1671
det X© o= det (P_ + P, H Tt> , det X(© ‘A; =det |1+ ] T
tecy t66162_1

T _ 1-— aﬁHt/2
! 1+ agHy/2

H - —WX&S) 1~ o= ?5)T X )

1+ ag Xy /2 X 0

X6 — x0 1

1+ ag X /2
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